Abstract. In this paper we propose and analyze a finite element scheme for a class of variational nonlinear and nondifferentiable mixed inequalities including balance equations governing incompressible creeping flows of Bingham fluids. For numerical efficiency reasons, equal-order piecewise linear approximations are used for both velocity and pressure, and the numerical scheme is stabilized by a Brezzi-Pitkäranta perturbation term. We obtain error estimates of the same order as for stable discretizations, namely h 1/2 for velocity and pressure solutions in H 2 (Ω)
Introduction. Balance equations governing Bingham fluid flows take the form of nonlinear and nondifferentiable variational inequality problems, and their numerical solution is still a challenging task.
Steady one-directional flow in a pipe was the first of this type of flows to be the subject of an in-depth study. In the early 1980s, Fortin and Glowinski developed the so-called decomposition-coordination method for this particular situation; see [8] , [10] and references therein. The principle of this numerical method is to isolate the nonlinear and nondifferentiable terms in the variational problem by introducing an auxiliary variable, the strain rate tensor, to enforce the consistency of this new variable and the velocity field by a duality method, and to solve the mixed problem by Uzawa algorithm variants. If the approximation space for the strain rate tensor is chosen so that no interelement continuity is required, it appears that the global nonlinear minimization problem degenerates in the Uzawa algorithm into a family of element-related subproblems which then can be solved efficiently, and even explicitly for a piecewise constant approximation. This aspect represents the main interest of the decomposition-coordination technique. In addition, the use of the constitutive relation is localized to the subproblems, which allows effortless changes. This numerical method was first used by Begis [10, Chapter VI] in the stream-function-vorticity formulation framework and then applied by several authors to pipe flows; see [13] , [17] .
The extension of this method to multidimensional incompressible flows was tested by Fortin, Côté, and Tanguy [7] and Roquet and Saramito [16] . To our knowledge, the first analysis of this scheme is due to Han and Reddy [11] , who dealt with the same mathematical problem for elastoplasticity applications (see [3] for a formulation for Bingham fluid flows and in the frame of the decomposition-coordination method). Convergence is proven and the error is found to be bounded by the square root of the so-called interpolation error, the latter depending on the discretization spaces and solution regularity. This analysis is based on the usual discrete Babuska-Brezzi stability condition for velocity/pressure approximation. Unfortunately, in our applications to Bingham fluid flows this limitation appeared to be somewhat restrictive, because it leads us to employ high degree approximations for the velocity that are not well suited to the poor regularity which can be expected from the solution. Moreover, the construction of strain rate approximation spaces which preserve the scheme accuracy and efficiency for high degree velocity approximations did not appear straightforward.
This explains the attractiveness of using piecewise linear equal-order approximation for the velocity and the pressure. This finite element is known to be cost-effective, and the discretization of the strain rate by piecewise constants would allow us to match the coherence constraint between velocity and strain rate perfectly. Of course, a stabilizing procedure must be applied with this approximation. The usual derivation of consistently stabilized schemes (e.g., [12] , [9] ) requires making the numerical residuals explicit which, in turn, needs a "strong differential formulation" of the problem. The latter can be obtained by regularizing the constitutive law. A numerical method built following these lines is presented in [14] . Conversely, if one chooses to deal with the problem without regularization, the natural choice then seems to be to implement a Brezzi-Pitkäranta stabilization [4] . The main purpose of this paper is to analyze such a scheme, combining ideas from [11] and from the analysis of stabilized schemes for Newtonian flows [9] .
In section 2, we present the error analysis of a stabilized approximation of an abstract mixed nonlinear variational inequality. The application of this result to Bingham creeping flows problems is performed in section 3. Section 4 is devoted to the extension of the decomposition-coordination method to the stabilized scheme and the presentation of the solution algorithm and of its convergence properties. In section 5, we present numerical tests. As the solution of the considered problem presents extra regularity properties, the analysis of sections 2 and 3 yields an improved error bound, which is established. 2. An abstract convergence result. The aim of this section is to analyze a numerical scheme to solve the following abstract variational inequality:
where a(., .) and b(., .) are two continuous bilinear forms defined on 
We suppose, in addition, that the Babuska-Brezzi condition is satisfied:
Under the preceding assumptions, the existence of solutions and the uniqueness of u are proven in [11] .
Let U h and Q h be two finite element spaces such that
, and the following interpolation results are satisfied:
where h stands for the discretization step, with the standard definition. The numerical scheme considered here reads as follows:
where α is a positive parameter and c h (., .) is a mesh-dependent bilinear form such that the following assumptions hold:
(H4) ∃γ, a positive constant independent of h, and k > 0 such that
We define as B(., .) and B h (., .), the bilinear forms defined on (
The following stability lemma holds.
Lemma 2.1. For any v h ∈ U h and q h ∈ Q h , we have 
and F be the element of the dual of X h such that
With these notations, problem (2.2) reads as follows.
As on finite dimensional spaces all norms are equivalent, the preceding lemma shows the coercivity of the bilinear form B h (., .), and the existence and uniqueness of the solution follow by standard optimization results [8] .
We are now in position to prove the following convergence result. 
Proof. Let v h and q h be generic elements of V h and Q h , respectively. We suppose that p ∈ H 1 (Ω), and consequently, [p] h is well defined. By the triangular inequality,
By the stability Lemma 2.1, we obtain the following bound of the last term of this relation:
Developing term (ii) of this inequality yields
By the second relation of (2.2) then the second one of (2.1), we get for (iv) the following expression:
Taking v = u h and then v = 2u − v h as test functions in the first relation of (2.1) yields
Summing up these inequalities, we obtain
and, by the first relation of (2.2),
Using (2.6) and (2.7) in (2.5), we get
And, finally, using this estimate for (ii) in (2.4) and developing the term
Tracing back the origin of the last term (x) of the preceding relation, it may be checked that it appears because
which cannot be identified, under regularity assumptions on u and p, to B h (u, p; u h − v h , p h − q h ), as would be the case for a consistently stabilized scheme. It thus can be viewed as the consistency error of the scheme. The next step consists of bounding each of the terms of the relation (2.8):
Choosing c 1 = c 2 = 1/2, c 3 = c 4 = c 5 = 1/3, substituting these expressions for (v)-(x) in 2.8, and combining terms on the left-hand side, we get
Combined with the initial triangular inequality (2.3), this last relation yields
Associated with the assumed approximation properties of the spaces V h and Q h and hypothesis (H5), this last inequality completes the proof.
Remark. Due to the fact that the seminorm [.] h behaves like h k . 1 , the presence of the term [p − q h ] h on the left-hand side of inequality (2.9) does not provide any convergence result for the approximation of p. This was expected: p is not even guaranteed to be unique. However, we obtain the following weaker result: as soon as k ≤ 1 2 , the solution of the numerical scheme p h remains bounded independently of the discretization step.
The sharpest result for the convergence of u h toward the solution u is obtained with k ≥ 1. In this case, the leading-order term on the right-hand side of inequality 2.9 is β u − v h 1 and stems from the nonlinearity of the problem. 
where v stands for the fluid velocity,ε(.) for the usual strain rate tensor, τ for the shear stress tensor, µ for the dynamic viscosity, τ YS for the fluid yield stress, and . is the Euclidean norm in R d×d . The creeping flow of a Bingham fluid in a domain Ω of R d with adherence conditions at the boundaries is governed by a set of balance equations that admit a variational formulation of general form (2.1) [6, Chapter 6] , with the following specific expressions for each bilinear and linear form of the problem,
and for the Lipschitz-continuous functional,
where f stands for the volume forces. The assumptions of continuity and coercivity of a(., .), continuity of b(., .), and the Babuska-Brezzi condition are standard results of theoretical computational fluid dynamics. The Lipschitz-continuity of j(.) is a consequence of the Lipschitz-continuity of the Euclidean norm. We suppose a given family of triangulations of the domain, and we choose as approximation space the standard Lagrange linear continuous finite element space for both the velocity and the pressure. For a particular triangulation T h of n d-simplexes (K i ) i≤n , the finite element subspaces are given by
and v h = 0 on ∂Ω},
where P 1 (K i ) stands for the space of degree ≤ 1 polynomials over the polyhedron K i . These finite element spaces verify the regularity and approximation properties used in the preceding section, provided that the meshing is regular (i.e., the ratio between the diameter of the largest inscribed ball and the mesh diameter is bounded away from zero for each element of the family of triangulations [5] ).
The numerical scheme considered here uses the following stabilization bilinear form:
With this definition, the assumptions (H1), (H2), (H3), and (H5) are easily checked (with the usual restriction to zero mean value functions for the pressure space). The following lemma means that the hypothesis (H4) stands, under an additional constraint for the family of triangulations.
Lemma 3.1. We assume that the family of triangulations is quasi-uniform, i.e., that the ratio of the smallest element diameter to the largest one is bounded away from zero. Then there exists a positive constant c independent of h such that, for any
Proof. From one part, we have
The first factor of this last expression is bounded away from zero if the family of triangulations is quasi-uniform.
On the other hand, as
by parts is valid:
and, by the Cauchy-Schwarz inequality,
The result is obtained by combining both inequalities. As a consequence, we obtain the following error estimate for the numerical scheme under consideration.
Theorem 3.2. Let u be the solution of the problem. Let u h be the generic element of a family of approximate solutions obtained with the present scheme using a family of regular and quasi-uniform triangulations. If we assume that
following error bound holds:
where the positive constant c is independent of h. Remark. The extension of this analysis to problems with nonhomogeneous Dirichlet boundary conditions can be performed as for the Newtonian Stokes problem, without any additional difficulty (e.g., [15] ).
Practical implementation: The decomposition-coordination method.
The object of this section is first to adapt the decomposition-coordination method of Fortin and Glowinski [8] to the numerical scheme under consideration, then to describe an algorithm for solving the discrete problem and to analyze its convergence. The difficulty of the first task lies in the fact that, due to the presence of the stabilization term, the standard theory does not apply to the problem under consideration, and the equivalence (in a sense to be defined) between the final discrete system and the initial one has to be proven.
Our starting point is the approximate problem:
Let W h be the following finite element space:
where P 0 (K i ) stands for the space of constant functions over polyhedron K i . We introduce the following discrete variational problem:
The family of parameters r i is chosen such that 0 < r i for each 1 ≥ i ≥ n. We then have the following result. .2), u h and p h are solutions of (4.1).
Proof. Let A(., .) be the bilinear form defined over (
and J(.)
and F (.) be, respectively, the form and the nonlinear convex functional defined over
With these notations, problem (4.2) can be recast under the form of the following nonlinear mixed variational inequality:
We find the following result in [11] : assuming that A(., .) is coercive, the LBB condition holds for B(., .), and J(.) is Lipschitz-continuous and convex, this variational problem has solutions; moreover, the primal component of the solution (u h , w h , p h ) is unique. Checking the LBB condition is straightforward here. We are going to prove the coercivity of the bilinear form A(., .):
Developing and using the Cauchy-Schwarz inequality yields, for any strictly positive constant α,
In finite dimensional spaces, all norms are equivalent; the coercivity of A(., .) then follows by choosing α > 1 such that (α − 1)r i ≤ µ for all 1 ≤ i ≤ n.
Due to the choice of the discrete spaces, the constraintε(u h ) = w h holds exactly. As a consequence, the first equation of (4.1) is recovered by summing up the first two equations of (4.2) and choosing z h =ε(v h ) as a test function. As the second equation of (4.1) remains valid, the solution of (4.1) and the first and third components of the solution of (4.2) are the same.
Replacing the last third relations with their algebraic counterpart, problem (4.2) reads as follows:
where, in the last three relations, the expressions typed in boldface stand for usual finite element vectors of degrees of freedom and the discrete operators are obtained by using the standard finite element process. With the particular discrete spaces used here, a suitable choice of the parameters r i leads to A = r
w D , where r 1 is a positive augmentation parameter and E w is the strain rates mass matrix.
Finally, we simulate an augmentation relative to the divergence constraint by premultiplying the equation (iii) by r 2 B t E −1 p , with E p the lumped pressure mass matrix, and adding the obtained relation to equation (ii). The final system reads as follows:
This last algebraic manipulation does not change the properties of the system.
Thanks to the particular structure of the approximation space W h , the variational inequality (i) of (4.3) degenerates to a family of scalar minimization problems that admit an explicit solution for w h as a function of the other unknowns u h and s h :
where
The nonlinear system is solved by an Uzawa-like algorithm that reads as follows: 
We have the following convergence results. 
Proof. The proof of this theorem is obtained by minor modifications of the convergence study of the standard algorithm (i.e., without regularization term) that can be found in [3] . This development closely follows the seminal work of Fortin and Glowinski [8] , [10] .
Numerical experiment.
In this section we are interested in the numerical validation of the proven error estimates against a particular problem that admits an explicit solution. We will see that, under particular regularity assumptions verified by the problem being considered, the convergence proof of section 2 can yield an improvement of the convergence rate to h| log(h)| 1/2 ; this error bound is then confirmed by numerical experiments.
Position of the test problem.
To our knowledge, no problem admitting an analytic solution and set on a general multidimensional polygonal domain is found in the literature. As an alternative, we consider an axisymmetrical problem, treated in the following as a fully bidimensional one: the tangential flow of a Bingham fluid in a viscosimeter made of two coaxial cylinders. The inner cylinder of radius r inn = 0.5 is kept fixed, whereas a constant angular velocity W = 1 is imposed on the outer cylinder (radius r out = 1). Finally, the fluid is assumed to stick to the apparatus boundaries, and we recall here the problem solution [2, section 4.5]. As the plasticity threshold increases, a rigid zone appears near the outer cylinder. The transition radius r tra between the "flow" region and the "rigid" zone obeys the nonlinear equation This analytical solution has been plotted for various plasticity threshold values in Figure 5 .1.
5.
2. An improved error estimate for the particular problem at hand. We begin with a technical lemma. 
The solution u of the problem under consideration is continuous and belongs to the Sobolev space [W 2,∞ (Ω)] d of fields whose components' first and second derivatives are essentially bounded. As a consequence, the Lagrangian interpolate of u, r h u is well defined and the following estimates hold:
where c a is a positive constant independent of the discretization step h.
For the particular problem at hand, we will prove the following improved error estimate.
Proposition 5.2. For a sufficiently small discretization step h, the numerical solution of the problem is such that
where c is a positive constant dependent on the solution u but independent of h. Proof. To obtain the preceding estimate, it is sufficient to prove that, for h small enough, the following relation holds:
By definition, the left-hand member of this inequality reads as
We split this integral into three parts:
, where γ is a positive parameter independent of h to be chosen later. The three vertices of each element that intersects the integration domain of (iii) lie in the rigid zone. As the solution in this zone is linear, u and r h u are equal anḋ ε(r h u) also vanishes withε(u). As a consequence, (iii) = 0.
By the triangular inequality for the norm in R d×d ,
As a consequence of the approximation inequality (5.2), the following pointwise estimate holds: A similar estimate of the second part of (i) follows, applying the same arguments.
Remark. The regularity of the solution of the problem under consideration is far beyond what can be expected in the general case. However, arguments similar to those employed in the preceding proof may extend to a wide range of practical situations, where, in particular, regularity of the rigid zones boundaries, often suggested a posteriori by numerical results, can be conjectured.
Numerical tests.
The whole domain has been meshed with triangles; see, for example, a coarse mesh in Figure 5 .2. Each mesh is used to build a finer one by cutting each of its right triangles into four right triangles of equal size. In Figure  5 .3, we present the velocity cuts for various values of the meshing parameter. h 0 corresponds to a coarser mesh than the mesh presented in Figure 5 .2, as it has only two layers of triangles in the radial direction. 
Conclusion.
We have proposed and analyzed in this paper a stabilized finite element scheme for the computation of incompressible creeping flows of Bingham fluids, using equal-order piecewise linear approximations for both velocity and pressure. This numerical scheme has shown several advantages due to the low degree of the velocity approximation: its convergence rate is the same as equivalent stable schemes, with an improved efficiency; in addition, the decomposition-coordination method can be used with a perfect matching of the consistency constraint between the auxiliary variable, namely the strain rate tensor, and the velocity field.
This numerical method can be extended straightforwardly to noncreeping Bingham flows using a characteristic-Galerkin strategy. Some results obtained in this way have been published in [18] .
